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Abstract 
In the present paper we intend to explain the discrepancies between theoretical and experimental values of 
mechanical properties for carbon nanotubes. In the numerical analysis pristine and defective carbon nanotubes are 
taken into account in order to find how the presence of defects affects on the mechanical properties of the analyzed 
structures. The imperfect carbon nanotube is modeled as the structure with one missing carbon atom that introduces 
five- and nine-membered rings referring to the perfect configuration of hexagons arrays. 
Keywords: pristine and defective carbon nanotube; interatomic interactions, mechanical properties; homogenization, finite element 
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1. Introduction 
Carbon nanotubes (CNTs) are a promising new carbon structure, which properties give opportunities of 
a wide range of possible applications in a new generation of materials and devices production [1]. 
However the knowledge about CNTs properties is still unsatisfactory to really explore their extraordinary 
properties [2]. Therefore, theoretical and experimental measurements are taken up. From mechanical point 
of view, the theoretical predictions have informed that CNTs Young modulus varies about 1000 GPa, 
fracture strength is close to 100 GPa and failure strains are in the range of 20-30 % [3]. By contrast, the 
comparison of the above properties with the experimental ones indicated much lower values. For example, 
Yu et al. [4] have reported the Young modulus in the range of 274-950 GPa, the fracture strength in the 
range of 11-63 GPa and the failure strains in the range of 3-13 % after the experimental study of the 
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purified CNTs. The one way of the explanation of the revealed theoretical-experimental discrepancies is 
the defect existence in the studied CNTs. The theoretical values are presented for almost perfect structures 
whereas during the synthesis or purification processes the defects might have appeared. Due to quasi one-
dimensional CNT structure even a small number of imperfections can influence on the mechanical 
characteristic. 
The microscopic observations confirm the existence of initial defects after purification processes 
(irradiation or oxidation) [5-11]. The irradiation may removes C atoms and finally in the CNT structure 
the one- or two-atom vacancy appears. The oxidation process causes probably etching the CNT net and 
removes group of C atoms. Also the defective structure can be an effect of functionalization – the 
hybridization defects - as a consequence of chemical treatment or irradiation processes. Moreover, the 
topological defects can exist as an effect of the bond rotation in nanotube atom network in form of 
pentagons and heptagons usually called Stone-Wales transformation [12]. In many papers the modeling of 
imperfect CNTs is considered and the role of vacancy defects in the fracture behavior of CNTs under 
axial tension is taken into account. Generally, the models of defective CNTs can be divided into two 
groups: 1) CNTs with single- or two-atom vacancy defects [5-9] or 2) CNTs with large defects [10-11]. 
In the present work the effective mechanical properties of pristine and defective single-walled carbon 
nanotube are studied. The estimation is based on the theory of homogenization in the non-linear elastic 
range. In the conducted study a structural model of carbon nanotube is proposed that combines the 
molecular dynamic, the continuum mechanics and the finite element (FE) analysis. Here, the carbon 
nanotube is presented as a space network of beam finite elements with a non-linear behavior based on the 
Morse potential. Only the interatomic interactions between the closest neighbors in the C-C network are 
considered. The imperfect carbon nanotube is approximated as the structure with initial one missing 
carbon atoms that launches five- and nine-membered rings referring to the perfect configuration of 
hexagons arrays. The current numerical model of single-walled CNT is based on the assumption proposed 
by Odegard [13] and then developed in work of Li and Chou [14] and Tserpes and Papanikos [15], in 
which the carbon nanotube, when loaded, behaves like space truss structure. The differences in effective 
mechanical properties between pristine and defective (5,5) CNT are presented and compared with other 
theoretical and experimental values. The present work is an extension of previous works of Chwaã and 
Muc [16-17]. 
2. Carbon nanotube modeling 
2.1. Interatomic potential 
In order to describe the carbon-carbon interactions in CNT the pairwise Morse potential [18-19] is 
used, which is applied in number of cases in carbon nanotube interatomic interactions modeling [8, 20]. 
The main advantage of the Morse potential is its simplicity over multi-body potentials and adaptability in 
the finite element analysis. That potential characterizes the short range interactions and is written as 
follows: 
( ) ( )[ ]ijijijij RrRreij eeDrV −−−− −= ββ 2)( 2   (1) 
where rij is an interatomic distance, Rij is an equilibrium interatomic distance, ȕ is the Morse constant and 
the De is the minimum value of the potential.  
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In the conducted analysis the interaction between the closest neighbors are taken into account and then 
influence on the stiffness of CNT is studied. The changes in the angle between bonds are neglected. 
According to [15] for small strains the above assumption can be introduced to the analyzed system. 
The description of the behavior of nanostructures is started with the consideration of interatomic 
interactions potential V and physical constants. Usually, an interaction force vector can be described as 
follows: 
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where nij is an unit vector between two atoms. The force (2) between two atoms can be also expressed in 
an equivalent form: 
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where k(rij) is the elastic constant. Assuming the elastic interactions of bonds and involving the equation 
(3) the variations of the Young modulus values depending on the interatomic distance can be presented in 
following way: 
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where Sb is the cross-section area of an atomic bond with an atomic bond diameter db. Basing on the 
interatomic potential and the geometry of CNTs the elastic constant is computed. That allow us to 
evaluate the Young modulus values dependently on the atoms position in the lattice. In the study for 
single C-C bond there was assumed: Rij = 0.142 nm, E(Rij) = 1000 GPa and db = 0.34 nm and as a result 
the elastic constant in the equilibrium position k(Rij) based on the Equation (3) is equal to 639 N/m. It is 
almost identical to the values reported in Refs [12-14]. For the applied parameters the minimum value of 
Morse potential De is equal to 46.37*10
-20 Nm. With reference to Belytschko [20] the ȕ constant is equal 
to 2.625 x 1010 m-1. 
2.2. Numerical model of pristine and defective CNTs 
To investigate the effective Young modulus of carbon nanotube under the uniaxial tensile loading an 
exact structural model of CNT basing on the finite element method and the interatomic interactions was 
built. The carbon atoms in the nanotube are joined together through very strong chemical bonds and they 
create a network made of hexagons. The atomic bonds posses a particular bond length Rij and a particular 
bond angle ș. In the proposed FE analysis carbon atoms are treated as nodes in a mesh and the 
interatomic interactions are approximated with the use of beam finite elements (the element B33 available 
in ABAQUS package) with solid circular cross-section and properties presented in Section 2.1. Using the 
above assumptions the FE model of 3-D CNT structure (the armchair (5,5)) was built (see Fig. 1a). As 
was said in the first part of the article, the experimental observations have proved that topological and 
vacancy defects are present in CNTs. The analysis of defective CNTs may have significant influence on 
the explanation how its existence deteriorate the mechanical properties of CNTs. In the paper the one 
single carbon atom and three bonds were removed from the middle of CNT lattice being a pristine tube 
with the intension of modeling an initial defect in CNT structure. As an effect the 12-membered ring 
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appeared. According to [9] the 12-membered ring (two hexagons) can be reconstructed to a 5-membered 
ring and a 9-membered ring (see Fig. 1b). 
a b
Fig.1. FE model of: a) pristine and b) defective (one atom missing) carbon nanotube - armchair (5,5). 
3. FE analysis of carbon nanotube 
In the non-linear analysis of the C-C interactions the elastic constant k(rij) depends on the interatomic 
distance according to Equation (3). The variable behavior of finite elements was determined through the 
specific form the interatomic potential. With the purpose of applying the variability interatomic potential 
in the modeled CNT structure the User Material (UMAT) procedure available in ABAQUS package was 
involved. The UMAT procedure gives opportunities to generate a material with a prescribed mechanical 
behavior. In the present work an individual subroutine was built and applied to define the incremental 
form of non-linear interactions. The subroutine describes the variations of Young modulus of carbon 
nanotubes with the help of the atomic Morse potential. The changes of the distance between atoms affect 
interatomic forces and result in variations of the stiffness. For every beam finite element the Young 
modulus in the non-linear description of the C-C behavior was calculated with the help of Equations (4) 
and (3). The single-walled carbon nanotube (5,5) with the diameter dn=0.674 nm, the length ln=2.83 nm 
and with 240 carbon atoms was considered.  
In the present approach the effective Young’s modulus of a material is defined as the ratio of 
longitudinal stress to longitudinal strain obtained from the uni-axial tension test. Following this definition, 
the Young’s modulus of CNTs is calculated using the follow equation: 
¦¦
==
===
beamsN
k
k
longlong
beamsN
k
k
longlong
long
long
longE
11
 , , εεσσ
ε
σ
  (6) 
where longσ  and longε  is an average longitudinal stress and strain component computed as the sum of 
longitudinal components of each individual beams describing C-C bonds. The above definition is 
consistent with the homogenization theory. 
The CNT model was subjected to an axial incremental displacement at one end with the fully constrain 
on the opposite (see Fig. 2). Additionally, zero displacement in circumferential direction was applied to 
the loading end in order to prevent the CNT torsion.  
Fig.2. FE model of carbon nanotube under axial loading. 
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The FE static analysis of carbon nanotube delivers a complete information with the regard to strain and 
stress distributions. 
4. Numerical results and discussion  
The numerical analysis was conducted for the pristine and defective CNTs with the non-linear 
description of interatomic interactions in order to obtain the effective Young modulus. The Young 
modulus of the CNT is not constant but depends on the strain and therefore as to characterize the 
mechanical behavior of each beam element the non-linear analysis involving the Morse potential was 
used. That procedure was attached to the FE approach - linkage between interatomic interactions and the 
continuum mechanics.  
As it was demonstrated in Ref. [16] the difference in Young modulus between pristine and defective 
CNTs is a function of strains and the higher discrepancy may be observed for strains greater then 2.5 %. 
For the assumed value 0.1 % in the linear approach there is no difference in values of Young modules. 
Non-linear description results in a very small difference - the perfect CNT give the value of Young 
modulus equal to 970 GPa whereas defective 968 GPa.
The result are comparable with the values presented in the work [9], in which the molecular dynamic 
analysis of pristine and defective (5,5) CNT was applied. The observed result have shown the decrease in 
the stiffness of CNT when the defects were considered. However, the shape of the CNT was modified 
during elongation (see Fig. 3a and 3b). The CNT network was tend to change the circular form to 
ellipsoidal one (see Fig. 3c).  
a      b  c 
Fig.3. Undeformed (red line) and deformed (black line) shape of defective carbon nanotube - blue lines indicate the area of defect: 
a) front view, b) back view and c) cross section shape in defective area: udeformed shape - grey line and deformed shape - green 
line (not to scale). 
After the analysis we can say that the one atom defect deteriorate the effective Young modulus values 
of CNT. The experimental value of the Young modulus are lower then the obtained here what might 
suggest the large defect existence (see Ref. [4]). Therefore, in the next step of our work the more complex 
defects should be taken into account.  
5. Conclusions  
The presented FE beam models of pristine and defective carbon nanotubes combine the interatomic 
interactions analysis in the linear and non-linear version and the continuum mechanics approach. The 
application of the finite element method in the analysis of nanostuctures allows us to obtain comparable 
results to the molecular dynamic and gives also opportunities to model large nanostructures with large 
defects. The conducted study confirmed the usefulness of FEM in the analysis of CNTs mechanical 
behavior. However the significant changes in the stiffness of analyzed structure can be observed as the 
non-linear procedures are taken into account. The one atom defect deteriorate the effective Young 
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modulus, but the values obtained experimentally suggest that it is necessary to consider CNTs with 
complex and random form of defects.  
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